We show in this paper that in constructing a theory for the most elementary class of control. problems defined on spheres, some results from Lie theory play a natural role. In particular to understand controllability, optimal control, and certain properties of stochastic
here is probably the most natural departure from the usual linear system/ vector space problems which have dominated the control systems literature. . system is extensive but for our present purposes we point out only --
. Specific results about control systems whose state spaces are S.
the following five results. spheres have been.useful in understanding problems in energy conversion, i} (1.1) is said to be controllable if for every x0 and x 1 in controlled rigid body dynamics, etc.
Some examples are mentioned in .. and evury t 1 > C) there exists a piecewise continuous control u(-) such our earlier paper [1] . flere we work out in more detail, and in greater .
. that if x(0)x them x(t 1 ) -x1 . A necessary and sufficient condition generality, the theory for a class of problems of this type and compare or controllability is that ank(B,AB .... AB) n where , indicates a out results with the case where the state space is a vector space.
To . column partition. . carry out this program requires some results from Lie theory, Lie groups .. . ii) (1.1) is said to be observable if for every x 1 x2 and every acting on spheres, etc.
There has been no attempt here to discuss the 0 • > o the outputs corresponding to x 1 and x 2 differ on the interval most general setting in which techniques which we use are applicable. ot1i. A necessary and sufficient condition for observability is that Instead we have taken the-sphere problems as a model and have studied a range rank (CCA; ... CA) -n where ; indicates a row partition. of control-theoretic questions in that setting.
A number of possible il1• If (1.1) is controllable then for every given x0 and x 1 in generalizations will be apparent.
. . and every-t 1 > 0 there exists a piecewise continuous control u defined on To begin with we mention some well known facts about linear system to,t1i which transfers the state from x at t-0 to x1 at t t 1 and theory. We do this to make the paper a little more accessible to those . .-. minimizes not familiar with control problems and to sensitize the reader to certain issues important in control. For -a more cornp inte,account and references . u'(t)u(t)dt (1.2) (t) . . 0. to the literature one can consult (2] It is assumed that x(t) £ 7R , f control law u,-Ex such that u rn x(t) 0 and the functional and y(t) c71. For simplicity we take A,B,C to be constant matrices.
.
--11 -U'(t.)u(t) + -,'t)y(t)dt One calls u the control, x the state and y the output.
The theory of linear , .
-. . JO is min.imized by setting u(t) -Kx(t).
thought of as the action integral in a mechanics problem then the case v) If (1.1) is controllable and if the differential equation -Ax 0 .
treated in control theory allot's for the poesibilityof certain zero is asymptotically stable then the associated stochastic equation (for masses provided there are appropriate linear constraints between position • notation see [3] ). 0 and velocity. It can also be thought of as a limiting case of an uncon-
strained-dynamical problem where certain masses and associated energies go • to infinity. This second interpretation is generally more useful. Remarks has a unique invariant Gaussian measure which has zero mean and variance Q satisfying of the same type apply to equation (1.3) where existance of a smooth -.rarsition density is well known if B is invertible whereas the same is true, QA + A'Q --BB' (1.4) but for rather more subtle reasons, if we assure controllability instead In thia paper we establish analogs for each of these results for of invertibility of B. systems of the typ. • the identity along solutions of (2.2) has been the subject of a number of as well. The real compact forms of the classical Lie groups are all papers (1, 7-10). Following Jurdjevic and Sussmann, we term systems of the candidates. The results are well known [11) but we repeat them here.
• form of (2.) right invariant. This is appropriate because the vector fields For example, it is clear that both the full unitary group and the special defined on the Gk(n) by the right side of (2.2) are invariant under the trans-. unitary group of dimension n act transitively on the set of complex n-vectors lation defined by right multiplication with an element of Ci(n). We whose Hermetian length is oae. But this set is just a set of vectors with will say that equat&.n (2.2) is controllable on a group V if any two points in V cap • -components (x,+p'T y ) such that be joined by a solution curve gene rated by some piecewise continuous control S -
which is a 2n-1 dimensional sphere. Thus by defining the realification (12]
Moreover., if the Lie algebra is not one of these cases the system (2.8) of the unitary algebras by the Lie algebra homomorphism :. is not controllable,. eB 1mB . S If the system is not controllable n S 1 it is sometimes of interest 4B ReBJ (2.4) to compute exactly what points can be reached from a given initial State.
we obtain a set of real matrices whose associated group acts transitively
The determination of what points belong to this set is facilitated by on s 21 .. The real compact form of C n is the intersection of special a knowledge of the structure of the representation defined by the matrices unitary group and the symplectic groups. Naturally this representation in the algebra generated by A,B1,B2, ... Bm• If this representation is not is in terms of matrices of even dimension so that they can act on even irr-!&icible then its reduction is clearly the; first step in the determination dimensional complex vectors only. Thus, by analogy with the unitary case, the real of the reachable set. The properties of the irreducible pieces may reveal 4n-1
This action is known compact fore c1 C acts on the sphere of dimension S ones account for all possibilities. The particular cases may be explained then the Kroneckar product of the reachable group for as follows. The exceptional algebra C 2 admits a 7 dimensional skew--S representation whose exponential acts transitively on S 6 . The ft (A1+ (2.7) symmetric : spin representation of SO (7) to transfer a1y. State to any other state then this transfer can be done 1) SO(n)for n -0 nod 2.
-in arbitrarily small time. . This is not the case for systems defined by S0(n) ' or the reàllfication of SU(n/2) or U(n) for n -1 mod(2)
S S
iii) The realifjcation of Sp (n/2) for n 1 mod(4)
•.
-- • • matrices and let c be a unit vector.
The control system
We will use the in formalism of the axinum principle of Pontryagin [14) ratace than the calculus of variations to attack this problem because it (t) (A + u(t)B)x(t) ; y(t) cx(t) handles the degeneracy which is built into the problem in a natural way.
n-i . In that case any solution of the differential equation for P can be expressed in terms of a solution of the differential equation for X with nonsingular boundar y conditions; ie.P(t) NX(t)M for some constant matrices 11 and X. S p ecializing to the skew symmetric case dives the following result. (Note that the kinetic energy of a rigid body can be expressed by the trace form (det I)tr(f*) 2 whore I is the usual inertia tensor.
See [2] page 64. Incidentally, this also serves to define the degree of difficulty of actually solving the control problem mentioned above.
Since it is well known that the solution of the Euler equations generally involves elliptic functions, the Oolution of the optimal control problems cannot be expressed in terms of elementary functions except in special cases.
By far the simplest special case on S0(n) occurs when Ti 1 is the negative of the integral of the Killing form. That is given X(0) and X(l) and given the evolution eqiation
where B -B and for all i and j trB1 B 6 (3.15) ij one finds that the optimal trajetory is
where n is the solution of e X(l)X(Ti) which has the smallest Frobenius norm.
We turn zov to applying the above results to the problem of optimizing trajectories on spheres. Note that trajectories on spheres can be optimized for fixed end points by solving an associated right invariant group problem and then picking the minimizing element in Cie group for
• transferring x 0 to x 1 . The following theorem expresses this.
Theorem 5: Let A,B1,B2,...,B be skew symmetric matrices. Suppose We complete this section on optimal control with a result of the type which plays a major role in linear system tieory in connection with the :eulator problem. Thus it the control law u(t) a'Bx(t) actually drives the state x to a then it is optimal. Powever, observing that a'x(t) has a derivative along the given solution which is equal to -[a'Bx(t)]2, we see by 
16-

Stochastic Differential Ec,uations
We consider now a third aspect of control theory on spheres.
• This has to do with the analog of property (v) mentioned in the introduction. What we show is that controllability implies the existance of a unique invariant measure for a stochastic equation on sn-i. We use Ito notation for stochastic differential equations. Wong (31 can be consulted for an explanation of both the mahcmaics and the notation.
...,Wm denote independent Wiener (Brownian motion) Let wl,w2, processes of unity variance. In giving a precise meaning to differential • V equations in which something like "white noise' appears K. Ito [16] -invented what has proven to be a very successfulcalculus ' in which the standard differet.tation rule is significantli modified insofar as differentials of Wiener processes are concerned. In this calculus dwidwj 5dt. a first order term; dwdt, and (dt) 2 are both higher than first order. We discuss the implication of this in one important special case.
If x and y are Vectors satisfying the Ito differential equations
Then 5(t) x(t)y'(t) satisfies the Ito equation
The only other fact . we ned about Ito equations concerns the associated mean equation. if x and y satisfy eq!lations (4.1) and (4.2) then X(t) ex(t) and y(t) y(t) satisfy the ordinary differential equation
We will see that these two results permit the derivation of equations for all moments and imply that the moment equations are decoupled from each other.
S
Recall that the number of linearly independent degree p forms in u variables is given by
We can therefore associate with each ii tuple (x 1 ,x 2 ,.. .,X) a N(n,p)-tuple n. The derivation of this is a Straightforward exercise using the properties of dvi outlined above. Fina lly, we have the moment equations associated with (4.11) To prove the first of these facts we notice that since A --A'
-. computing the 'moments for all time in terms of their values at t -0. is controllable on sn-i. . vectors such that.Be x vanishes, together with its orthogonal complement, is such that all moments 'apprc'ah the moments associated with a uniform S ' making use of th2 skew symmetry of A,B 1 ,B 2 ,. .8.
distribution on the n-i sphere as t approaches infinity. . Clearly controllability implies that all solutions of the mean Proof: First of all, note the shift in notation from (4.11) to (4.18 
